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1 INTRODUCTION

This paper summarizes analysis done on the galaxy dataset described by Olmstead (2015).
The model that Olmstead wishes to analyze, using statistical methods, is:

0 = mB +αx1 −βc +MB +ε (1.1)

where mB is the observed magnitude of a supernova type Ia (or SN Ia) at maximum light, x1

is the estimated relative rate of rise and fall of the light, c is the measured color of the SN, and
MB effectively represents the true luminosity of the SN Ia. ε is an error term. α, β, and MB are
unknowns, and mB is the variable we wish to estimate. In fact, Equation (1.1) translates into
the statistical model:

yi =β0 +β1xi +β2ci +εi (1.2)

where yi corresponds to mB , β0 corresponds to MB , β1 corresponds to α, xi corresponds to
x1, β2 corresponds to β, ci corresponds to c, and εi corresponds to ε. It is Equation (1.2) that
is actually analyzed in this paper.

We were provided a dataset and with it created the data file galaxy_data.Rda. Table 1.1
provides a description of the variables included in the dataset. All of the variables nececssary
for estimating the desired unknown parameters in Equation (1.2) (and, therefore, Equation
(1.1)) are included in this dataset, along with the associated errors of the estimates.
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Variable Label
1 mb Observed magnitude of SN Ia at maximum light
2 mberr Estimated measurement error (standard deviation) for mb
3 X1 Estimated relative rate of rise and fall
4 x1err Estimated measurement error (standard deviation) of X1
5 C Measured color of SN
6 Cerr Estimated measurement error (standard deviation) of C
7 MASS Estimated host galaxy mass
8 masserr Estimated measurement error (standard deviation) of MASS
9 covmbx Covariance between mb and X1

10 covmbc Covariance between mb and C
11 covx1c Covariance between X1 and C

Table 1.1: Description of variables in the dataset.

2 PRELIMINARY ANALYSIS OF ASTRONOMICAL DATA ON GALAXIES

First I wish to answer some preliminary questions about the data:

Variable Distributions What distributions appear to fit the variables provided in the dataset?

Homoskedasticity Do the error terms estimated for each of the datapoints appear to be
constant? Or do they vary to such a degree that we have to deal with the presence of
heteroskedasticity?

Covariation and Independence Is there evidence for independence among the variables of
interest? This is not easy to determine in general, and a covariance of 0 does not imply
independence unless the two variables follow a Gaussian distribution. Even then, zero
covariance may make analysis easier.

I will not be performing any statistical tests in this section. Instead I will be looking at
basic summary statistics, plots, and estimated density functions to try and get a preliminary
understanding of the data.

2.1 VARIABLE DISTRIBUTIONS

We can use kernel density estimation (KDE) to try and get an idea of what the probability
density function (PDF) of a variable is. Knowing what the PDF is will then help us decide what
distribution for a variable seems appropriate. The easiest way to determine what distribution
matches an estimated PDF is to look at a plot of the data’s KDE. This is easy to do in R when
using the density function.

Let’s first start with the variables that are actually desired measurements (in other words,
not a measure of some error), which are mb, X1, C, and MASS:
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Table 2.1: Summary statistics for primary variables.

Statistic Mean St. Dev. Min Pctl(25) Median Pctl(75) Max

mb −19.416 0.315 −20.293 −19.619 −19.458 −19.248 −17.642
X1 0.008 1.124 −3.106 −0.774 0.045 0.805 5.000
C −0.019 0.094 −0.271 −0.089 −0.024 0.037 0.255
MASS 10.661 0.608 8.757 10.264 10.755 11.113 11.826

mb.pdf <- density(mb)
# This is the kernel density estimation function in R;
# default kernel function is Gaussian.
X1.pdf <- density(X1)
C.pdf <- density(C)
MASS.pdf <- density(MASS)

# Now to plot the estimated densities
plot4.par <- list(mfrow = c(2, 2),

oma = c(1,1,0,0),
mar=c(2.3,2,1.5,1.5)) # Save this style of plot

default.par <- par(plot4.par) # Saves defaults, and makes multiple plots
plot(mb.pdf$x, mb.pdf$y, type = 'l', xlab = "x",

ylab = "y", main = "Estimated PDF of mb")
plot(X1.pdf$x, X1.pdf$y, type = 'l', xlab = "x",

ylab = "y", main = "Estimated PDF of X1")
plot(C.pdf$x, C.pdf$y, type = 'l', xlab = "x",

ylab = "y", main = "Estimated PDF of C")
plot(MASS.pdf$x, MASS.pdf$y, type = 'l', xlab = "x",

ylab = "y", main = "Estimated PDF of MASS")

In Figure 2.1 we see some evidence for normality with the C variable, but this does not
seem very plausible for the other variables given the density plots shown. Numeric summary
statistics are shown in Table 2.1.

Since I am particularly interested in whether the data follows a Gaussian distribution, I
also include Q-Q plots which can shed more light on this question than merely looking at the
KDEs.

par(plot4.par)
qqnorm(mb, main = "mb", pch=20); qqline(mb, col="blue")
qqnorm(X1, main = "X1", pch=20); qqline(X1, col="blue")
qqnorm(C, main = "C", pch=20); qqline(C, col="blue")
qqnorm(MASS, main = "MASS", pch=20); qqline(MASS, col="blue")
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Figure 2.1: Estimated density plots of main variables of interest.

According to Figure 2.2, C and X1 may follow a distribution similar to the Gaussian distri-
bution, but mb and MASS have tails that are too heavy for this to be a reasonable belief.

2.2 HOMOSKEDASTICITY

I repeat the analysis done in the prior section, only on the variables that measure the uncer-
tainty (e.g. standard error) of the measurements of the variables of interest, which are mberr,
x1err, Cerr, and masserr. Here, I want to see small variation of these numbers. Large vari-
ation may suggest heteroskedasticity in the estimates, which may complicate future analysis
of this dataset.

mberr.pdf <- density(mberr)
x1err.pdf <- density(x1err)
Cerr.pdf <- density(Cerr)
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Figure 2.2: Gaussian Q-Q plots of main variables of interest.

masserr.pdf <- density(masserr)

# Now to plot the estimated densities
par(plot4.par) # Makes multiple plots
plot(mberr.pdf$x, mberr.pdf$y, type = 'l', xlab = "x",

ylab = "y", main = "Estimated PDF of mberr")
plot(x1err.pdf$x, x1err.pdf$y, type = 'l', xlab = "x",

ylab = "y", main = "Estimated PDF of x1err")
plot(Cerr.pdf$x, Cerr.pdf$y, type = 'l', xlab = "x",

ylab = "y", main = "Estimated PDF of Cerr")
plot(masserr.pdf$x, masserr.pdf$y, type = 'l', xlab = "x",

ylab = "y", main = "Estimated PDF of masserr")
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Table 2.2: Summary statistics for variables describing measurement error.

Statistic Mean St. Dev. Min Pctl(25) Median Pctl(75) Max

mberr 0.073 0.026 0.024 0.053 0.069 0.089 0.248
x1err 0.771 0.420 0.077 0.446 0.702 1.035 2.348
Cerr 0.058 0.023 0.007 0.040 0.055 0.074 0.143
masserr 0.109 0.052 0.007 0.075 0.100 0.130 0.445

Table 2.3: Summary statistics for variables describing covariation between variable estimates.

Statistic Mean St. Dev. Min Pctl(25) Median Pctl(75) Max

covmbx 0.043 0.041 −0.020 0.012 0.031 0.062 0.236
covmbc 0.002 0.002 −0.001 0.001 0.002 0.003 0.032
covx1c 0.020 0.024 −0.024 0.005 0.011 0.028 0.200

Table 2.2 shows some summary statistics of these variables and Figure 2.3 shows their es-
timated density functions. mberr, Cerr, and masserr appear to have small spreads and very
peaked distributions, so their corresponding variables (namely, mb, C and MASS) may be ho-
moskedastic; there isn’t much variation in the estimates’ errors. This is not the case for x1err,
which may suggest we need to deal with homoskedasticity for X1.

2.3 COVARIATION AND INDEPENDENCE

As stated in the introduction, zero covariance implies independence only if both variables
follow a Gaussian distribution. The only variable for which a Gaussian distribution seems
plausible is X1 and C, so nowhere will finding zero covariance imply independence. However,
zero covariance may still make our analysis easier, so finding zero covariance is still desirable.

The variables in our dataset that describe covariation in the estimates of our variables of
interest are covmbx (the covariance between mb and X1), covmbc (the covariance between mb
and C), and covx1c (the covariance between mb and C). I would like to see these variables
centered at zero and with narrow spreads. I repeat the above analysis here.

covmbx.pdf <- density(covmbx)
covmbc.pdf <- density(covmbc)
covx1c.pdf <- density(covx1c)

# Now to plot the estimated densities
par(plot4.par) # Makes multiple plots
plot(covmbx.pdf$x, covmbx.pdf$y, type = 'l', xlab = "x",

ylab = "y", main = "Estimated PDF of covmbx")
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Figure 2.3: Estimated density plots of variables describing measurement error.

plot(covmbc.pdf$x, covmbc.pdf$y, type = 'l', xlab = "x",
ylab = "y", main = "Estimated PDF of covmbc")

plot(covx1c.pdf$x, covx1c.pdf$y, type = 'l', xlab = "x",
ylab = "y", main = "Estimated PDF of covx1c")

Table 2.3 show summary statistics from the data for covmbx, covmbc, and covx1c. Figure
2.4 shows the plots of the estimated PDFs. Here we do see that covariances tend to be cen-
tered at zero and don’t tend to vary much; strangely, though, the distributions appear skewed
to the right (which means that positive covariance is more likely than negative covariance). I
have no comment as to what this means.
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Figure 2.4: Estimated density plots of variables describing estimate covariation between
variables.

3 MODEL ESTIMATION AND ERROR ANALYSIS

Equation (1.2) represents the model I will try to estimate in this paper. I estimate the model
both with least squares and absolute deviation estimators for the model’s coefficients. Each
time, I display residuals and provide an error analysis.

3.1 LEAST SQUARES ESTIMATION

Least squares estimation in R is trivial:

modelForm <- mb ~ X1 + C
lsEstimate <- lm(modelForm)
stargazer(lsEstimate, label = "tab:lmEst",
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Table 3.1: Least squares estimates for model parameters

Dependent variable:

mb

X1 −0.102∗∗∗

(0.008)

C 2.177∗∗∗

(0.100)

Constant −19.373∗∗∗

(0.010)

Observations 553
R2 0.515
Adjusted R2 0.514
Residual Std. Error 0.220 (df = 550)
F Statistic 292.337∗∗∗ (df = 2; 550)

Note: ∗p<0.1; ∗∗p<0.05; ∗∗∗p<0.01

title="Least squares estimates for model parameters",
table.placement = 't')

Table 3.1 shows the least squares estimates of the coefficients in the model. Standard errors
are shown in parenthesis. All coefficients in the model are different from zero, and the model’s
F statistic indicates that at least one of the variables included helps explain variation in mB .

3.1.1 RESIDUALS

I would like to analyze the residuals and their relationship with the variables. The easiest way
to do so is to plot the residuals along with the variables. The following code does so:

par(mfrow = c(1, 3))
res <- lsEstimate$residuals
plot(mb, res, pch=20, cex = .5); abline(lm(res ~ mb), col="blue")
plot(X1, res, pch=20, cex = .5); abline(lm(res ~ X1), col="blue")
plot(C, res, pch=20, cex = .5); abline(lm(res ~ C), col="blue")

Figure 3.1 shows the residuals’ relationship to the variables mb, X1, and C. The residuals
show no strong pattern with X1, or C. However, there is a slight linear relationship with the
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Figure 3.1: Analysis of residuals for the least squares estimated model.

residuals and mb. I consider this a concerning finding; there should be no relationship be-
tween the dependent variable and the residuals. A relationship like the linear one observed
may jeopardize the validity of inference since it suggests that the underlying assumptions
used for inference do not hold. Something in this model is amiss.

3.1.2 ERROR ANALYSIS

As seen in Table 3.1, all of the parameters in our model are statistically significant with rel-
atively small standard errors. The residuals’ standard error is also displayed. The sum of
squared error is SSE = 26.5484. The estimated variance of the residuals is σ̂2 = 0.0481. There
is evidence that the model does provide a fit, but as mentioned in the previous subsection,
there are undesired patterns in the residuals that call underlying assumptions of these meth-
ods into question.

3.2 LEAST ABSOLUTE DEVIATION

The Rpackage that performs least absolute deviation (LAD) regression is the package quantreg
(Koenker 2015). The function rq (which performs quantile regression) will compute the LAD
estimate for β by default.

library(quantreg)
ladEstimate <- rq(modelForm)
stargazer(ladEstimate, label = "tab:rqEst",

title="Least absolute deviation estimates for model parameters",
table.placement = 't')

Table 3.2 shows the LAD estimate for β. There is not considerable evidence that these
models are different, so I expect to see similar results to what I observed for the least squares
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Table 3.2: Least absolute deviation estimates for model parameters

Dependent variable:

mb

X1 −0.107∗∗∗

(0.007)

C 2.149∗∗∗

(0.087)

Constant −19.390∗∗∗

(0.009)

Observations 553

Note: ∗p<0.1; ∗∗p<0.05; ∗∗∗p<0.01

estimate.

3.2.1 RESIDUALS

I display the residuals using a method similar to how I created Figure 3.1:

par(mfrow = c(1, 3))
res <- ladEstimate$residuals
plot(mb, res, pch=20, cex = .5); abline(lm(res ~ mb), col="blue")
plot(X1, res, pch=20, cex = .5); abline(lm(res ~ X1), col="blue")
plot(C, res, pch=20, cex = .5); abline(lm(res ~ C), col="blue")

Figure 3.2 shows the residuals produced by the model when compared to the variables. I
see a similar pattern to what I observed with the least squares model.

3.2.2 ERROR ANALYSIS

The standard errors of the coefficients of the LAD estimated parameters do not differ greatly
from those of the least squares estimated model, although they do tend to be larger. The
sum of squared errors is SSE = 26.7035. It appears that the LAD estimated model does not
represent a major improvement over the least squares estimated model.

4 WEIGHTED LEAST SQUARES ESTIMATION

No where in this analysis have we accounted for the error in the estimation of the variables
that are used as regressors in the model described by Equation (1.2). mberr, x1err, Cerr,
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Figure 3.2: Analysis of residuals for the least absolute deviation estimated model.

covmbx, covmbc, and covx1c have so far been ignored. I now try to account for these errors
when estimating the coefficients in the model.

Equation (2) in (Olmstead 2015) describes the function we want to minimize. This function
is:

χ2 =∑
i

(
mB ,i +αx1,i −βci −model i

)
σ2

i nt
+V ar (mB ,i )+α2V ar (x1,i +β2V ar (ci )+2αCov(mB ,i , x1,i )−2βCov(mB ,i ,ci )−2βCov(ci , x1,i ))

(4.1)

However, (ibid.) says we can safely assume that model i = 0. In R, I use the optim function to
minimize this quantity.

estimate.model <- function(d) {
sse <- function(param) {

sigma <- param[1]; b0 <- param[2]; b1 <- param[3]; b2 <- param[4]
error <- with(d,

sum((mb + b0 + b1*X1 - b2 * C)^2/
(sigma^2 + (b1*x1err)^2 + (b2*Cerr)^2 +

mberr^2 - 2*b2*covx1c + 2*b1*covmbx -
2*b2*covmbc)))

return(error)
}

param <- c(0.09, 19.3, 0.14, 3.1)

return(optim(param, fn = sse)$par)
}

estimate.model(galaxy_data)[-1] -> optimFit
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Coefficients
MB 19.30∗∗∗

(6.20)
α 0.14

(0.10)
β 3.10∗∗∗

(0.89)
Num. obs. 553
∗∗∗p < 0.001, ∗∗p < 0.01, ∗p < 0.05

Table 4.1: Weighted least squares estimate of model coefficients

estimate.model(galaxy_data)[1] -> sigmahat

# I want estimates of standard errors; I use jackknife

sapply(1:nrow(galaxy_data),
function(i) (estimate.model(galaxy_data[-i,])[-1] -

optimFit)^2) -> temp

sqrt(sapply(1:3, function(i) sum(temp[i,])) *
(1 - 1/nrow(galaxy_data))) -> jack.se

res <- mb + optimFit[1] + optimFit[2] * X1 - optimFit[3] * C
df <- nrow(galaxy_data) - 3

p.vals <- pt(optimFit / jack.se, df = df, lower.tail = FALSE)

texreg(lsEstimate, custom.model.names = c("Coefficients"),
custom.coef.names = c("$M_B$", "$\\alpha$", "$\\beta$"),
override.coef = list(optimFit),
override.se = list(jack.se),
override.pval = list(p.vals),
label = "tab:optimEst",
caption = "Weighted least squares estimate of model coefficients",
include.rsquared = FALSE, include.adjrs = FALSE,
include.nobs = TRUE, include.fstatistic = FALSE,
include.rmse = FALSE)

The results of the weighted least squares estimate for the coefficients are shown in Table
4.1. The standard errors were estimated using the jackknife method. These estimators have
a larger standard error (which is more appropriate), and as a result we see that the estimate
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Figure 4.1: Analysis of residuals for the weighted least squares estimated model.

for α is not statistically significant from zero. The estimated standard error, also found by
the weighted least squares estimator, is σ̂= 0.0911. All of these results agree with the typical
results described in (Olmstead 2015).

par(mfrow = c(1, 3))
plot(mb, res, pch=20, cex = .5); abline(lm(res ~ mb), col="blue")
plot(X1, res, pch=20, cex = .5); abline(lm(res ~ X1), col="blue")
plot(C, res, pch=20, cex = .5); abline(lm(res ~ C), col="blue")

Figure 4.1 shows that the strong linear pattern observed before is not as strong in this
model as in some of the others, but a relationship still exists. In fact, a relationship appears
in C as well. It appears that this model is an improvement, though not perfect.

5 CONCLUSION

The model described in Equation (1.1) is not perfect. There is an undesirable relationship
between mB and the error term when the model is actually estimated. These relationships
appear regardless of whether least squares, weighted least squares, or LAD estimation are
used. This suggests that the model may need to be revised.
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